Review of Time Complexity
Analysis

1/15/25



Announcements

e [f you're not on Piazza or Gradescope, make sure to join
o Let me know if you need help

e Homework #1is out (due 1/28)

o Topic: warm-up problems + asymptotic notation
e Syllabus, website, and dates are finalized

e Practice quizzes on course website



Exact Time Complexity Analysis




Reminder. The RAM Model
Each "simple" operation (+, -, =, if, call) takes 1 time step.

Loops and subroutine calls are not simple operations.
They depend upon the size of the data and the
contents of a subroutine.

Each memory access takes 1 step.

There is infinite memory



Algorithmic Complexity (i.e. Time and Space Complexity)

e Estimate of time or space an algorithm requires
e Description of how time/space requirements increase with problem size



What is problem size? (a.k.a. N)

e The aspect of the input that will cause algorithmic complexity to increase

o Array length
o Size of a number
o etc.

e [f ambiguous, define



Example

def sum numbers (n) :
total = 0
for num in range (n) :

total += num
return total



Example

def sum numbers (n) :
total = 0 H 1 Step
for num in range (n) :

total += num
return total



Example

n + 1 steps

def sum numbers (n) :
total = 0
for num in range (n) :

total += num
return total



Example

def sum numbers (n) :
total = 0

for num in range (n) :

total += num S n steps

return total



Example

def sum numbers (n) :
total = 0
for num in range (n) :

total += num

return totad M 1 Step



Example

def sum numbers (n) :

total = 0 TOtal:
for num in range (n) : 2“ + 3

total += num

return total ste ps
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A trickier case for exact analysis: Insertion Sort




A trickier case for exact analysis: Insertion Sort

fori=1ton
key = A[1]
j=1-1
while j > 0 AND A[j] > key
A[j+1]1=A[j]
j=i-1
A[j+1] =key



A trickier case for exact analysis: Insertion Sort

Num Exec.
fori=1ton (n-1) + 1
key = AJ1]
j=1-1
while j > 0 AND A[j] > key
Alj+1]=Alj]
e

A[j+1] = key



A trickier case for exact analysis: Insertion Sort

Num Exec.
fori=1ton (n-1) + 1
key = AJ1] n-1
j=1-1 n-1
while j > 0 AND A[j] > key
Alj+1]=Alj]
e

A[j+1] = key



A trickier case for exact analysis: Insertion Sort

Num Exec.
fori=1ton (n-1) + 1
key = AJ1] n-1
j=1-1 n-1
while 1 > 0 AND A[j] > key ?
A[j+1]=A[] ?
1=7-1 ?

A[j+1] =key n-1



We can analyze best, average, and worst cases



What is the best
case input for
insertion sort?



What is the best
case input for
insertion sort?

A sorted list!



Exact Analysis: Best Case

fori=1ton
key = AJ1]
j=1-1
while j > 0 AND A[j] > key
Al+1]=A[]
e
A[j+1] =key

Num Exec.

(n-1) + 1
n-1
n-1



Exact Analysis: Best Case

fori=1ton
key = AJ1]
j=1-1
while j > 0 AND A[j] > key
Al+1]=A[]
e
A[j+1] =key

Num Exec.

(n-1) + 1
n-1
n-1
n-1



Exact Analysis: Best Case

5n - 4



Exact Analy5|s Best Case
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What is the worst
case input for
insertion sort?



What is the worst
case input for
insertion sort?

A reverse sorted list!



Exact Analysis: Worst Case

Num Exec.
fori=1ton (n-1) + 1
key = AJ1] n-1
j=1-1 n-1
while j > 0 AND A[j] > key ?
A[j+1]=A[] ?
1=7-1 ?

A[j+1] =key n-1



Exact Analysis: Worst Case

Num Exec.
fori=1ton (n-1) + 1
key = AJ1] n-1
j=1-1 n-1
while j > 0 AND A[j] > key n(n-1)/2+n-1
A[j+1]=A[]] n(n-1)/2
1=7-1 n(n-1)/2

A[j+1] =key n-1



Exact Analysis: Worst Case

3/2n2 + 7/211 -4
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What is the average
case input for
insertion sort?



Exact Analysis: Average Case

\ (V)



Exact Analysis: Average Case
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Exact Analysis: Average Case
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We'll usually use worst
case time complexity

Best combo of

informative and easy to
calculate



Asymptotic Notation




Exact analysis is
usually more trouble
than it's worth



Asymptotic notation to the rescue! (a.k.a. big-O notation)

A formalism that we’ll use to talk about the order of magnitude of how fast an
equation grows



Informal definition

f(n) is O(g(n))
means

f(n) grows no faster than g(n)




Formal definition

f(n) is O(g(n)) if.
there exist positive constants, ¢ and N, such that

f(n) < c*g(n)
for all
N > NO




Example

n%+ nis O(n?)







ITIS NOT THE

|

SMALL SIDE OF THIS FUNCTION THAT WORRIES ME

¥z d
TIS A SILLY PLACE

-
-



Why C?

Lets us reason about rate of change

(a constant isn’t going to change, so it’s
not going to affect the rate of change)



Note: f(n) is O(g(n)) does not mean that g(n) is a *tight”
big-O bound on f(n)

In this class, if we want a tight big-O bound, we will
ask for one (or a @ bound)



Example: 2n is O(n)

but it’s also O(n"2), O(n!), O(nlog(n)), etc.




Other Asymptotic Notation

O({(n)) (big Oh) Upper bound

Q(f(n)) (big Omega) Lower bound

®O(f(n)) (big Theta) Upper and Lower Bound



Other Asymptotic Notation
g(n) = O(f(n)) means C x f(n) is an Upper Bound on g(n)
g(n) = Q(f(n)) means C x f(n) is a Lower Bound on g(n)

g(n) = ©(f(n)) means C, x f(n) is an Upper Bound on g(n)
and C, x f(n)is a Lower Bound on g(n)

These bounds hold for all inputs beyond some threshold N,.



O(f(n))
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Which of the following statements is True?

1. n+3is O(n)
2. n+3is O(n"2)
3. n"2is O(n)

4,

n"2 is O(2"n)

. Pear Deck Interactive Slide
2 2 Students choose an option B



http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoicG9sbCIsImFuc3dlcnMiOlsibiArIDMgaXMgTyhuKSIsIm4gKyAzIGlzIE8obl4yKSIsIm5eMiBpcyBPKG4pIiwibl4yIGlzIE8oMl5uKSJdLCJpc011bHRpcGxlU2VsZWN0aW9uQWxsb3dlZEZvclBvbGwiOnRydWV9pearId=magic-pear-shape-identifier
http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoiZ29vZ2xlLXNsaWRlcy1hZGRvbi1yZXNwb25zZS1mb290ZXIiLCJsYXN0RWRpdGVkQnkiOiIxMDI2OTM2OTg3MTkxMTA3OTg1NTIiLCJwcmVzZW50YXRpb25JZCI6IjFqbV9UQTV2OERiLUdOODVwYXlSUTBPZG83aUlMdE9nNVhQLTMxNVQ3UTFZIiwiY29udGVudElkIjoiY3VzdG9tLXJlc3BvbnNlLXBvbGwiLCJzbGlkZUlkIjoiZzE1M2Q1NWE4ZDBmXzRfMCIsImNvbnRlbnRJbnN0YW5jZUlkIjoiMWptX1RBNXY4RGItR044NXBheVJRME9kbzdpSUx0T2c1WFAtMzE1VDdRMVkvMWYxNDQ4ZWYtYzFjOC00MGJiLTlhOTEtMmFlMDQ1MTg2ODIxIn0=pearId=magic-pear-metadata-identifier

Which of the following statements is True?

1. n+3isO(n)
2. n+3isO(n"2)
3. n"2is O(n)

4.

n"2 is ©(2"n)

. Pear Deck Interactive Slide
2 2 Students choose an option B



http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoicG9sbCIsImFuc3dlcnMiOlsibiArIDMgaXMgzpgobikiLCJuICsgMyBpcyDOmChuXjIpIiwibl4yIGlzIM6YKG4pIiwibl4yIGlzIM6YKDJebikiXSwiaXNNdWx0aXBsZVNlbGVjdGlvbkFsbG93ZWRGb3JQb2xsIjp0cnVlfQ==pearId=magic-pear-shape-identifier
http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoiZ29vZ2xlLXNsaWRlcy1hZGRvbi1yZXNwb25zZS1mb290ZXIiLCJsYXN0RWRpdGVkQnkiOiIxMDI2OTM2OTg3MTkxMTA3OTg1NTIiLCJwcmVzZW50YXRpb25JZCI6IjFqbV9UQTV2OERiLUdOODVwYXlSUTBPZG83aUlMdE9nNVhQLTMxNVQ3UTFZIiwiY29udGVudElkIjoiY3VzdG9tLXJlc3BvbnNlLXBvbGwiLCJzbGlkZUlkIjoiZzJhZTA5NDBmYjNmXzBfMjUwIiwiY29udGVudEluc3RhbmNlSWQiOiIxam1fVEE1djhEYi1HTjg1cGF5UlEwT2RvN2lJTHRPZzVYUC0zMTVUN1ExWS8wOWQxNmZiOC0xYjg5LTRhZTEtYjhiZC1mM2MzZmM0MmM4NDEifQ==pearId=magic-pear-metadata-identifier

Which of the following statements is false?

1. n+3isQ(n)
2. n+3isQ(n"2)
3. n"2is Q(n)

4. n"2is Q(2"n)

. Pear Deck Interactive Slide
2 2 Students choose an option B



http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoicG9sbCIsImFuc3dlcnMiOlsibiArIDMgaXMgzpgobikiLCJuICsgMyBpcyDOmChuXjIpIiwibl4yIGlzIM6YKG4pIiwibl4yIGlzIM6YKDJebikiXSwiaXNNdWx0aXBsZVNlbGVjdGlvbkFsbG93ZWRGb3JQb2xsIjp0cnVlfQ==pearId=magic-pear-shape-identifier
http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoiZ29vZ2xlLXNsaWRlcy1hZGRvbi1yZXNwb25zZS1mb290ZXIiLCJsYXN0RWRpdGVkQnkiOiIxMDI2OTM2OTg3MTkxMTA3OTg1NTIiLCJwcmVzZW50YXRpb25JZCI6IjFqbV9UQTV2OERiLUdOODVwYXlSUTBPZG83aUlMdE9nNVhQLTMxNVQ3UTFZIiwiY29udGVudElkIjoiY3VzdG9tLXJlc3BvbnNlLXBvbGwiLCJzbGlkZUlkIjoiZzI2NTg2NjNiZTEyXzE4XzEiLCJjb250ZW50SW5zdGFuY2VJZCI6IjFqbV9UQTV2OERiLUdOODVwYXlSUTBPZG83aUlMdE9nNVhQLTMxNVQ3UTFZLzY2M2M2ZTgyLTAyZDUtNGMzOS05NjQzLTEwZmQ5NTQ4YmI4MSJ9pearId=magic-pear-metadata-identifier

Common complexity classes

O(n!) O(c") 0(n°)

N\
O(n!),0(c"),0(n%)-Worst
Running Time O(nlogn) - Bad
Complexity :
in terms of O(nlogn) Doy Fak
Big-0 O(logn)-Good
O(f(n)) O(1) - Best
L O(n)
O(logn)

Input Size n |

Image source: https://www.geeksforgeeks.org/analysis-algorithms-big-o-analysis/




Time differences that matter in practice

- @~ (- -

.

Instant Perceptible Long enough So long that So long that Not possible
togoget youneedto itwill be in your
coffee throw itona seriously lifetime
server or expensive
cluster



Common complexity classes (if n=1takes 1 microsecond)
Complexity 10 20 30 40 50 60

n 1x10”°sec 2x10°sec 3x10°sec 4x10°sec 5x107° sec 6x107 sec
n* 0.0001 sec 0.0004 sec 0.0009 sec 0.016 sec  0.025sec  0.036 sec

nd 0.001sec 0.008sec 0.027sec 0.064sec 0.125sec  0.216 sec

n> 0.1 sec 3.2 sec 24.3 sec 1.7 min 5.2 min 13.0 min

2" 0.001sec 1.0 sec 179 min  12.7 days 35.7 years 366 cent

3" 0.59sec 58 min 6.5 years 3855 cent 2x10%ent 1.3x10cent

log,n  3x10°sec 4x10°sec 5x10°sec 5x10°sec 6x10°sec 6x107° sec

nlog, n 3x10”° sec 9x10° sec 0.0001 sec 0.0002 sec  0.0003 sec 0.0004 sec



Proving asymptotic bounds




Circling back to insertion sort...
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Let’s prove that...

3/ n’ + 7/ n-4
is
O(n?)



We must show that
7+ 7/ n -4 < c*n’

foralln> NO



7
/n-4< c*n?



3/2112 + 7/211 _4<c




o+, -4<c

n n



What to use for C?



It doesn’t need to be the lowest
possible value

3/2+7/2—4§c

n n?



It doesn’t need to be the lowest
possible value

3/2+.7/2'4§C

o’ —
&



It doesn’t need to be the lowest
possible value

3/2+7/2—4§c

n2



It doesn’t need to be the lowest
possible value

3/2+7/2-4§c:

),

oz "



It doesn’t need to be the lowest
possible value

3 7
/2+ /2 <cC



3/ _|_7/

<35



3,7
/2+é—4_§5
n n?

foralln>1



37 g &
74
n n?

foralln>1



o+, -4<5

n 1n

foralln>1.°¢



Therefore

Worst case time complexity for insertion
18
2
O(n°)




What would have happened if we tried to prove

3/2112 + 7/211 -4
1S
O(n)?



3/ n2

+ 7/211 _4 < c*n



C is a constant so it can
never be higher than all
n as n goes to infinity




What value of C could you use to prove the following?

Best case time complexity for insertion

sort ( )
1S
O(n)
(use N, =1)

-

. Students, enter a number! Pear Deck Interactive Slide

Do not remove this bar


http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoiZnJlZVJlc3BvbnNlLW51bWJlciIsImRyYWdnYWJsZXMiOlt7ImlkIjoiZHJhZ2dhYmxlMCIsInR5cGUiOiJpY29uIiwiaWNvbiI6eyJpZCI6ImRlZmF1bHQtY2lyY2xlIn0sImNvbG9yIjoiI0Q1MUQyOCJ9XSwiZHJhZ2dhYmxlU2l6ZSI6MTIuNTUsImVtYmVkZGFibGVVcmwiOiJodHRwczovLyIsImFuc3dlcnMiOltdfQ==pearId=magic-pear-shape-identifier
http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoiZ29vZ2xlLXNsaWRlcy1hZGRvbi1yZXNwb25zZS1mb290ZXIiLCJsYXN0RWRpdGVkQnkiOiIxMDI2OTM2OTg3MTkxMTA3OTg1NTIiLCJwcmVzZW50YXRpb25JZCI6IjFvQ2VoM1lKMEpLOUZGSXVXaURGZnpUaDVXdHg0VmJZZGhqNElBMTZaQmNNIiwiY29udGVudElkIjoiY3VzdG9tLXJlc3BvbnNlLWZyZWVSZXNwb25zZS1udW1iZXIiLCJzbGlkZUlkIjoiZzI2NTg2NjNiZTEyXzE4XzExOSIsImNvbnRlbnRJbnN0YW5jZUlkIjoiMW9DZWgzWUowSks5RkZJdVdpREZmelRoNVd0eDRWYllkaGo0SUExNlpCY00vMzgyMzIyYWMtZmQ0MS00YjFhLWFhN2MtZTViYjVjNjg4MGViIn0=pearId=magic-pear-metadata-identifier

What value of C could you use to prove the following?

Worst case time complexity for
insertion sort .(3/2112 + '/ n - 4)
1S
Q(n°)

(use N, =1)

-

B Students, enter a number!


http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoiZnJlZVJlc3BvbnNlLW51bWJlciIsImRyYWdnYWJsZXMiOlt7ImlkIjoiZHJhZ2dhYmxlMCIsInR5cGUiOiJpY29uIiwiaWNvbiI6eyJpZCI6ImRlZmF1bHQtY2lyY2xlIn0sImNvbG9yIjoiI0Q1MUQyOCJ9XSwiZHJhZ2dhYmxlU2l6ZSI6MTIuNTUsImVtYmVkZGFibGVVcmwiOiJodHRwczovLyIsImFuc3dlcnMiOltdfQ==pearId=magic-pear-shape-identifier
http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoiZ29vZ2xlLXNsaWRlcy1hZGRvbi1yZXNwb25zZS1mb290ZXIiLCJsYXN0RWRpdGVkQnkiOiIxMDI2OTM2OTg3MTkxMTA3OTg1NTIiLCJwcmVzZW50YXRpb25JZCI6IjFvQ2VoM1lKMEpLOUZGSXVXaURGZnpUaDVXdHg0VmJZZGhqNElBMTZaQmNNIiwiY29udGVudElkIjoiY3VzdG9tLXJlc3BvbnNlLWZyZWVSZXNwb25zZS1udW1iZXIiLCJzbGlkZUlkIjoiZzI2NTg2NjNiZTEyXzE4XzExOSIsImNvbnRlbnRJbnN0YW5jZUlkIjoiMW9DZWgzWUowSks5RkZJdVdpREZmelRoNVd0eDRWYllkaGo0SUExNlpCY00vMzgyMzIyYWMtZmQ0MS00YjFhLWFhN2MtZTViYjVjNjg4MGViIn0=pearId=magic-pear-metadata-identifier

Approaches to finding Big-O bounds

e Fora proof, you just need valid C and N,. Find them with:
o The lazy way: Guess and check
o Simple algebra: Solve for C and sum positive coefficients
o Calculus: C > Lim(f(n)/g(n)) as n = o



Approaches to finding Big-O bounds

e Fora proof, you just need valid C and N,. Find them with:
o The lazy way: Guess and check
o Simple algebra: Solve for C and sum positive coefficients
o Calculus: C > Lim(f(n)/g(n)) as n = o

® |n practice, most people just eye-ball it
o Function: Fastest growing term will dominate
o Graphing calculator: If fastest growing term isn’t obvious
o Code: Look at structure (e.g. are there nested loops?)



Discussion questions

1. What does it mean if:

f(n) # O(g(n)) and g(n) # O(f(n)) ?

2.Is 2™1=002" 2
Is 2"=0(2") ?

3. Does f(n) = O(f(n)) ?

4. 1f f(n) = O(g(n)) and g(n) = O(h(n)),
can we say f(n) = O(h(n)) ?



Attendance break! Go to D2L, find today’s quiz and
answer the question

#  CSE 431 and 830 Spring 2025 B2 e L g

Course Home Content Course Tools v Assessments v Communication v Help

Assignments

Self Assessments
Announcements v Need Help? v
Competencies

Course Information X MSU IT Service Desk:
Surveys

Posted Jan 8, 2024 3:21 AM Local: (517) 432-6200

We will mostly be using D2L for posti attendance. Our Toll Free: (844) 678-6200
primarv course communication platfo ase sign up there: INArth Amarica and Hawsii)

Class Progress



Putting it all together




Big-O, Big-Omega, and
Big-Theta just describe
functions.

Those functions could describe
best, worst, or average case
run-time of your program



Time complexities summary

_____Big-O _______Big-Omega __|Big-Theta

Worst Case No matter what, as n Under certain On the worst input, as n
gets bigger, the code circumstances, as n gets gets bigger, the code
takes at most this much bigger, the code takes takes precisely this much
time at least this much time  time (up to constants).

Best Case  Under certain No matter what, even  On the best input, even
circumstances, even as 1 as n gets bigger, the as n gets bigger, the
gets bigger, the code code takes at least this code takes precisely this
takes at most this much much time. much time (up to
time. constants)

Image credit: Robbie Weber



Example

def sum numbers(n, k):
total = 0
if k ==
for num in range(n):
total += num
else:

total = n * 5
return total



Example Best case: ?

def sum numbers(n, k):
total = 0
if k ==
for num in range (n) :
total += num
else:

total = n * 5
return total



Best case: k=5

Example
f(n) =7

def sum numbers(n, Kk):
total = 0
if k ==
for num in range (n) :
total += num
else:

total = n * 5
return total



Best case: k=5

Example
f(n)=4

def sum numbers(n, Kk):
total = 0
if k ==
for num in range (n) :
total += num
else:

total = n * 5
return total



Best case: k=5

Example
f(n)=4

def sum numbers(n, Kk):
Worst case: ?
total = 0
if k ==
for num in range (n) :
total += num

else:

total = n * 5
return total



Best case: k=5

Example
f(n)=4

def sum numbers(n, Kk):

Worst case: k ==
gn) =7

total = 0
if k ==
for num in range (n) :
total += num
else:

total = n * 5
return total



Best case: k=5

Example
f(n)=4

def sum numbers(n, Kk):

Worst case: k ==
g(n)=4+2n

total = 0
if k ==
for num in range (n) :
total += num
else:

total = n * 5
return total



Best case: k!1=5

Example
fln)=4

def sum numbers(n, k):

Worst case: k ==
g(n)=4+ 2n

total = 0
if k ==
for num in range (n) :
Let's assume k == 5 half
the time.
Average case?

total += num

else:

total = n * b5
return total



Best case: k!1=5

Example
fln)=4

def sum numbers(n, k):

Worst case: k ==
g(n)=4+ 2n

total = 0
if k ==

for num 1n range (n) :

Let’'s assume k == 5 half

the time.
Average case:
h(n)=(8 +2n)/2=4+n

total += num

else:

total = n * b5
return total



Example f(n), g(n), and h(n) are just
functions that model the

def sum numbers (n, k): number Of Steps th|5
total = 0 program will take under
if k == 5 different circumstances

for num 1n range (n) :

Asymptotic analysis lets
us put them into
complexity classes

total += num

else:

total = n * b5
return total



Example f(n) =4 is O(?)

def sum numbers(n, k):
total = 0
if k ==
for num in range (n) :
total += num
else:

total = n * 5
return total



Example f(n) = 4 is O(1)
1

0]
def sum numbers(n, Kk):
total = 0
if k ==

for num in range (n) :
total += num
else:

total = n * 5
return total



Example f(n) = 4 is O(1)
1

def sum numbers(n, k):
total = 0 g(n) =4+ 2nis O(?)
if k ==
for num in range (n) :
total += num
else:

total = n * 5
return total



Example f(n) = 4 is O(1)
1

C=4,N, =

def sum numbers(n, Kk):
total = 0 g(n)=4+2n IS O(n)
if k == 5; C:6,NO:1

for num in range (n) :
total += num
else:

total = n * 5
return total



Example f(n) = 4 is O(1)
C=4,N,=1
def sum numbers (n, k) :
total = 0 g(n)=4+ 2nis O(n)
if k == 5: C=6,NO=1

for num in range (n) :

total += num h(n) = 2 TN iS O(?)

else:

total = n * 5
return total




Example f(n) = 4 is O(1)
C=4,N,=1
def sum numbers (n, k) :
total = 0 g(n)=4+ 2nis O(n)
if k == 5: C=6,NO=1

for num in range (n) :

h(n) =2 + nis O(n)
C=3,N,=1

total += num
else:

total = n * 5
return total




Example

def sum numbers(n, k):
total = 0

1f k ==

for num 1n range (n) :

total += num

else:

total = n * b5
return total

We have now proved that
the best case
performance of this
function is O(1) and the
average and worst cases
are both O(n)



Practice problem

Imagine you have an algorithm
with a worst-case time
complexity that 1s @(n"2).

Could the best case time
complexity be ®(n)?

I\ 2 2 Students choose an option



http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoicG9sbCIsImFuc3dlcnMiOlsiWWVzLCB0aGlzIGlzIG1hdGhlbWF0aWNhbGx5IHJlcXVpcmVkIHRvIGJlIHRydWUiLCJUaGlzIGlzIHBvc3NpYmxlLCBidXQgaXQgZG9lc24ndCBoYXZlIHRvIGJlIHRydWUiLCJObywgdGhpcyBpcyBpbXBvc3NpYmxlIl0sImlzTXVsdGlwbGVTZWxlY3Rpb25BbGxvd2VkRm9yUG9sbCI6ZmFsc2V9pearId=magic-pear-shape-identifier
http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoiZ29vZ2xlLXNsaWRlcy1hZGRvbi1yZXNwb25zZS1mb290ZXIiLCJsYXN0RWRpdGVkQnkiOiIxMDI2OTM2OTg3MTkxMTA3OTg1NTIiLCJwcmVzZW50YXRpb25JZCI6IjFqbV9UQTV2OERiLUdOODVwYXlSUTBPZG83aUlMdE9nNVhQLTMxNVQ3UTFZIiwiY29udGVudElkIjoiY3VzdG9tLXJlc3BvbnNlLXBvbGwiLCJzbGlkZUlkIjoiZzMyNWEyZmU1ZDViXzVfOSIsImNvbnRlbnRJbnN0YW5jZUlkIjoiMWptX1RBNXY4RGItR044NXBheVJRME9kbzdpSUx0T2c1WFAtMzE1VDdRMVkvN2NmZTM3ZWItZGRjOC00MDZhLWFmZjUtNjk3YTlkNTQ4OTdiIn0=pearId=magic-pear-metadata-identifier

Practice problem

Imagine you have an algorithm
with a worst-case time
complexity that 1s @(n"2).

Could the best case time
complexity be O(n"2)?

I\ 2 2 Students choose an option



http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoicG9sbCIsImFuc3dlcnMiOlsiWWVzLCB0aGlzIGlzIG1hdGhlbWF0aWNhbGx5IHJlcXVpcmVkIHRvIGJlIHRydWUiLCJUaGlzIGlzIHBvc3NpYmxlLCBidXQgaXQgZG9lc24ndCBoYXZlIHRvIGJlIHRydWUiLCJObywgdGhpcyBpcyBpbXBvc3NpYmxlIl0sImlzTXVsdGlwbGVTZWxlY3Rpb25BbGxvd2VkRm9yUG9sbCI6ZmFsc2V9pearId=magic-pear-shape-identifier
http://dontchangethislink.peardeckmagic.zone?eyJ0eXBlIjoiZ29vZ2xlLXNsaWRlcy1hZGRvbi1yZXNwb25zZS1mb290ZXIiLCJsYXN0RWRpdGVkQnkiOiIxMDI2OTM2OTg3MTkxMTA3OTg1NTIiLCJwcmVzZW50YXRpb25JZCI6IjFqbV9UQTV2OERiLUdOODVwYXlSUTBPZG83aUlMdE9nNVhQLTMxNVQ3UTFZIiwiY29udGVudElkIjoiY3VzdG9tLXJlc3BvbnNlLXBvbGwiLCJzbGlkZUlkIjoiZzMyNWEyZmU1ZDViXzVfOSIsImNvbnRlbnRJbnN0YW5jZUlkIjoiMWptX1RBNXY4RGItR044NXBheVJRME9kbzdpSUx0T2c1WFAtMzE1VDdRMVkvN2NmZTM3ZWItZGRjOC00MDZhLWFmZjUtNjk3YTlkNTQ4OTdiIn0=pearId=magic-pear-metadata-identifier

Practice problem (be careful with this one)

Imagine you have an algorithm
with a worst-case time
complexity that 1s O(n"2).

Could the best case time
complexity be O(n)?

I\ 2 2 Students choose an option
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What if problem size depends on multiple
variables?




What is problem size? (a.k.a. N)

e The aspect of the input that will cause algorithmic complexity to increase

o Array length
o Size of a number
o etc.

e [f ambiguous, define



Example

def sum numbers(n, k):
total = 0
for num in range (n) :
total += num
while k > 1:
total += k

k /= 2
return total



Example

def sum numbers (n, Kk):
roret h 1 step
for num in range (n) :
total += num
while k > 1:
total += k

k /= 2
return total



Example

def sum numbers (n, Kk):
Foral = o n+ 1 steps
for num in range (n) : K
total += num
while k > 1:
total += k

k /= 2
return total



Example

def sum numbers (n, Kk):

total = 0

for num in range (n) : nsteps

total += num K

while k > 1:
total += k

k /= 2
return total




Example

def sum numbers (n, Kk):
total = 0
for num in range (n) :
Foral e “umK log(k) + 1 steps
while k > 1:
total += k

k /= 2
return total




Example

def sum numbers (n, Kk):
total = 0
for num in range (n) :
total += num
while k > 1: log(k) steps
total += k

k /= 2
return total



Example

def sum numbers (n, Kk):
total = 0
for num in range (n) :
total += num
while k > 1:

total +=

log(k) steps

k
k /= 2 K

return total




Example

def sum numbers (n, Kk):
total = 0
for num in range (n) :
total += num
while k > 1:

total += k

k /=2 A‘Ef"—

return total

1 step




Example

def sum numbers (n, Kk):
total = 0
for num in range (n) :
total += num
while k > 1: Total: 4 + 2n + 3log(k)
total += k

k /= 2
return total



Example

def sum numbers (n, Kk):

total = 0

for num 1n range(n) :

We can simplify this to

total += num

| O(n + log(k)) using
whLle ke L asymptotic analysis

total += k

k /=2 But we can’t go any

return total

farther



Practice problem - what is the time complexity of this code?
def sum numbers(n, X):
total = 0
for num in range(n - 5):
total += num
curr = Kk
while curr > 1:
total += curr
curr /= 4

return total

Pear Deck Interactive Slide
Do not remove this bar

Students, write your response!
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Divide and Conquer Algorithms
(time complexity analysis in action!)




Divide & Conquer

e Divide the problem into smaller problems, often even if
they are all the same.

e Conquer the individual pieces, recursively if they are just
smaller versions of the main problem.

e Combine the results into a solution for the main problem.



Insertion Sort
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What if we split the
list in half, ran
Insertion sort on
each half, and then
merged them?



Divided Insertion Sort
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Divided Insertion Sort: zoomed out
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Can we do better?
What if we kept
dividing in half?



Merge Sort

Boonnil

Image credit: Mahmud Ahsan
D



Merge sort
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Merge sort
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Merge sort
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Merge-sort is ©
(nlog(n))

We'll discuss this
more on Tuesday



Activities




ldentify the worst-case run-times of the following code

chunks

A:
bool HasSuml00 A(std::vector<int> wvals) {
for (int i = 0; 1 < vals.size(); 1i++) {
for (int 7 = 0; J < 1i; Jj++) {
if (vals[i] + wvals[j] == 100) return true;
}
}
return false;
}
C:
bool HasSuml0O0 C(std::vector<int> vals, int i=1,
j=0) {
if (i >= wvals.size()) return false;
if (vals[i] + wvals[j] == 100) return true;
++73;
if (j == 1) { ++i; J = 0; }
return HasSuml00 C(vals, i, Jj);

int

B:
bool HasSumlO00 B(std::vector<int> & vals,
int =0) { B
if (i1 >= wvals.size()) return false;
if (vals[i] + wvals[j] == 100) return true;
++73;
if (3 == 1) { ++i; 3 = 0; }
return HasSumlO00 B(vals, i, J);
}
D:
bool HasSuml0O0 D(std::vector<int> wvals) {
std::sort (vals.begin(), vals.end()):;
for (int i = 0; 1 < wvals.size(); 1i++) {
int val needed = 100 - vals[i];
bool found =

std::binary search(vals.begin(), vals
val needed);
if (found) return true;

}

return false;

int 1i=1,

.end (),



Testing asymptotic notation

Use this website (https://rithmschool.github.io/function-timer-demo/) to test out how asymptotic
notation works in the real world!

Choose one of the 7 functions along the top and do the following:

1.
2.

From looking at the code, try to figure out what complexity class you expect it to be in
Try gradually increasing the problem size and running the code to see how long it takes
(be careful to increase N gently, as the website will hang if you give it too large a value)
Does the time complexity you observe match what you were expecting based on the
code?

If you have time, try another function and see how the results compare!

Note: | recommend starting with a function other than logAliBinaries - it is substantially more
challenging than the others.


https://rithmschool.github.io/function-timer-demo/

